Based on a fit to data, an earlier prediction that the time-dependent nucleation rate in a DSC/DTA scan can rise above the steady-state value at a temperature higher than the peak in the steady-state rate is demonstrated.
Introduction
As was demonstrated in a companion paper in this trasted with a nucleation embryo. Cluster evolution is followed directly from the smallest embryo to a macroscopic cluster. Previous comparisons between the model predictions and experimental non-isothermal DSC and DTA data for a polymorphically devitrifying glass, lithium disilicate, are in good agreement. The computer model has been used to demonstrate that all existing methods for analyzing non-isothermal DSC data are flawed [6] and to evaluate a recently proposed method for estimating nucleation rates from DSC and DTA data [7] .
Those calculations
were made assuming volume nucleation and growth at constant composition in large samples. As was discussed in our companion paper, however, an ability to model finite-size effects and surface nucleation and growth can often be critical for a quantitative analysis of experimental data. Here we extend the numerical model to include these features. It should be emphasized that this is not the first attempt to include finite-size effects and surface crystallization in the analysis of phase transformation kinetics. Surface crystallization has been modeled ['or both metallic [8] and silicate [9] glasses. These earlier treatments are followed for modeling the surface crystallization here. Finite-size effects on isothermal transformation kinetics have also been considered previously by Weinberg [10, 11] . The ex- 
Description of the numerical model
The basic numerical model and the new extensions to include particle size and shape are discussed in this section. Since the basic model has been discussed extensively elsewhere [6, 7, [12] [13] [14] , only the most salient points are reviewed here.
The basic" model fiw an it!fhlite sample
The classical theory of nucleation [ 12] is assumed, taking direct account of time-dependent nucleation rates. Assuming spherical clusters, negligible stress effects and a sharp interface between the cluster and the parent phase, the reversible work of formation for a cluster of n molecules can be written as W,, = nAG' + (367r)'/3F':"'3n:/}r.
(1) 
where N,,., is the number of clusters of size n at time t. The rate of monomer addition and loss. k,+ and k,_ respectively, are obtained from the diffusion coefficient in the parent phase and the atomic jump distance (see Refs. [12, 13] for details). The nucleation rate at a cluster size n, 1,,.,, is the time-dependent flux of clusters past that size and is given by
The coupled differential equations are solved using a finite difference method (see Kelton et al. [13] )
in which the time is divided into a large number of small intervals, 3t, and the number of clusters of size n at the end of the interval. N,.t+a,, is calculated from dN,,.,
dt where dN,,.Jdt is given in Eq. (2). The behavior of clusters up to some large size is calculated directly by these methods. The growth of clusters larger than this size is computed using an approximate expression for the growth rate as a function of cluster radius, u(r), that was derived previously [ 14] :
Here D is the diffusion coefficient in the parent phase, h is the jump distance, AG,. is the Gibbs free energy per unit volume, T is the temperature, k B is Boltzmann's constant, and C is a constant that is dependent on the mode of growth [15] .
To simulate glass formation and DSC non-isothermal scans, the rate of volume fraction transformed under non-isothermal conditions is computed by dividing the time into a series of isothermal scans of duration 8t = fiTlY, where @ is the scan rate in degrees per second and _T is the temperature step size, allowing the nucleation rate to evolve in each interval as described by Eqs. (2) and (4) . At the end of the interval, the sizes of the nuclei generated in previous intervals are calculated using the average growth rate, u(r), given by Eq. (5). The extended volume fraction transformed, .r_, is calculated at the end of each interval:
where N, is the number of nuclei generated in the interval I, r_., is the time-dependent radius of those nuclei, and V,, is the sample volume. Assuming that the nucleation and growth occur randomly in space, the actual volume fraction, x(t), is computed assum-
.,-(r) = 1-exp(-o).
Assuming a linear relation between the rate of change of the enthalpy, dH/dt, and the rate of volume fraction transformed, the DSC trace is computed as a function of temperature or time as
Model extensions
The model discussed in the previous section assumes (I) that the sample is large compared with the size of an individual grain of the daughter phase, (2) that nucleation occurs randomly in space and time and (3) that the growth is three dimensional with the grains of the daughter phase having a low aspect ratio. 
_no If
The distribution of nuclei among the particles of the ensemble, given Np average nuclei per particle, is calculated from the Poisson distribution:
?1p ! where % is the number of nuclei per particle. To minimize the calculation time in the computer modeling, slightly different approaches were taken depending on the size of Np. For Np < 300, Eq. (10) was applied for each value of % between 0 and 5Np, a value sufficiently large that P(5Np)< 1. For 300 < Nt, < 10000, the particles were partitioned into bins of width A (set by the constraint that the total number of bins was 1500) and Eq. (10) was used to compute P(n), taken as the average value over the bin (i.e., (P(n))).
For N_, > 10000 the distribution was sufficiently narrow that statistical fluctuations among particles could be ignored.
Growth presents different problems. Given a single nucleation event within a panicle of radius R. a cluster will grow with a cluster-dependent growth velocity given by Eq. (5) . If the cluster were to nucleate at the exact center of the particle and if there were no other growing clusters within the particle, the transformation would proceed unimpeded until the particle was completely transformed. ever, the transforming region will intersect the particle surface prior to the complete transformation of the particle. Now the assumption of unimpeded growth requires that some of the transformed volume fall outside the boundary of the particle (labeled as V,,ot in Fig. I ). Clearly this region cannot contribute to the actual volume fraction transformed.
To model such finite size effects, we assume that (1) the clusters form randomly in space and time and grow independently of each other, (2) the number of nuclei produced in a panicle is proportional to the volume of the particle (Eqs. (9) and (10)) and (3) growth outside the particle is prohibited.
Since finite computer resources make it impossible to calculate the positions of all clusters in all particles and to follow their growth directly, a statistical description is developed which gives the average growth volume outside a particle in terms of the cluster and particle radii, r c and R respectively. This volume, V,,_,_(r(, R), is then subtracted from the extended volume transtbrmed before applying the JMAK statistics (Eq. (7)).
For simplicity, we assume spherical particles of radius R. Given a cluster of radius r c with a center at some position _£_< R. the volume of the cluster falling outside the boundary of the particle is For a cluster with a radius smaller than the particle in which it is growing to have predicted growth outside the particle, the cluster's center must be located within a shell of inner radius R-r c and outer radius R. Assuming the internal nucleation to be equally, probable in all regions, the probability that the center of a given cluster lies between a radius ( and £+ de in the particle is
The average value for the volume lying outside the particle, V,,ut(R, r c) can be obtained by integrating V'( R, rc ) over all possible locations of the center of the growing cluster in the particle, weighing by the factor in Eq. (12) . Since clusters with centers farther than r c from the particle surface grow entirely within the particle, they will not contribute to the volume outside the panicle; hence the cluster center locations of interest lie within the bounds R-r c to R, giving
Because the weighing increases strongly with increasing r, the lower limit can be extended to r= 0 without significant error, leading to
This formulation is correct for all cases where 0 _< rc _< 2R. Clearly, for those cases where the growing cluster has a radius larger than that of the particle (R_<r c _<2R). the lower limit of the integral must be set to zero to avoid double counting. Values of V,( R, rc) computed from Eq. (14) agreed quantitatively with the results from a direct COlnputer calculation of the averaoe_ cluster volume lying outside the particle, for a set of clusters of given size that were located randomly in an ensemble of 10000 spheres.
For more than one growing cluster, the average value for V.,,(R, r c) per particle must be obtained by summing the separate contributions of all growing clusters:
;ill clusters where V,,ut(R, rc) is the average volume lying outside the particle for a cluster of radius r c. For the purposes of the calculation, then, the volume transformed, taking into account that which lies outside the particle but not accounting for overlap of clusters within the particle, is z t )
and the "corrected' extended volume fraction trans-
A powder will actually contain a distribution of particle sizes, which can be incorporated easily into the calculation.
A series of equations having the same tbrm as Eqs. (16) and (17) is used, one for each particle size, R_, giving
Jill dusters, all particles
The corrected extended volume fraction transformed is changed in a similar manner:
The computer simulation of the transformation now proceeds as for the infinite-sized particles, using Eqs. ( 16) or ( 18) (7)), giving the volume fraction translormed as
The DSC/DTA signal is then computed using Eq. (8).
It is important to emphasize that this method for incorporating finite particle sizes still uses the JMAK method to account for cluster overlap. That analysis hinges on the assumption that the nucleation and growth occurs randomly within the sample and that the size of each transformed cluster is small compared with the sample volume. Because of this last point, the analysis developed in this section should be valid when the number of nuclei in each cluster is large. A high nucleation rate during the scan or a large number of quenched-in nuclei is therefore required. Unfortunately, this condition is frequently not true in silicate glasses, given the relatively low nucleation rates. A further extension of this analysis is discussed in the next section.
Corrections to finite-size cah'ulation for small mtmbers of mtclei
For small particles, when the number of nuclei is less than 5 to 10 per particle, non-isothermal calculations made ti)llowing the approach discussed in Section 2.2.1 predict two DSC peaks, which is in conflict with the experimental data, showing only one peak for all particle sizes. This is an artifact arising from a failure of Eqs. (13)- (20) 
where u is the growth velocity of the cluster and R is the particle radius. For two nuclei per particle (6) and (7)), finite-size corrected (FS) (Eq. (25) and large N (Eqs. (19) and (20)) solutions are shown. The finite-size corrected solution provides the best fit to the lattice simulation. Taken from Ref. [19] .
(N = 2), the volume fraction transformed predicted from Eqs. (16), (17) and (20) fits the lattice simulation well to x = 0.5, but diverges markedly above that value, approaching a value less than complete transformation.
As we will show, this incorrect asymptotic behavior is the origin of the predicted double peak in the DSC scan. The agreement between the simulation and predicted results improves quickly with increasing number of nuclei per particle, with the asymptotic value better approaching the correct value of 1. The simulation results and the predicted behavior from Eqs. (16), (17) and (20) are in almost perfect agreement for N > 6. Because of the low nucleation rates in silicate glasses, it is easily possible to produce powders of sufficiently small size that the number of growing clusters per particle is less than 6. To accurately model the transformation behavior, then, it is desirable to extend the analytical expression for finite-size effects to those cases.
For N spherical crystallites of the same size growing in a spherical particle, the approximate expression developed in Section 2.2.1 for the transformed volume fraction, taking account of overlap, can be rewritten as (i.e., combining Eqs. (14), (16), (17) and (20))
As shown, this provides an excellent description for x(t) when the number of clusters per particle, N, is greater than 5 to 10. To extend it to smaller sizes, it is useful to consider the extreme case of N = 1, for which Eq. (22) provides a poor description (Fig. 2 ).
For the case of one crystallite growing in a spherical particle, there is no overlap, and Eqs. (14) and (16) may be used directly (recasting here for the scaled time),
+_ , which can be expanded to the same form as Eq. (22):
Surprisingly, even for the extreme case of N = l, Eqs. (22) and (24) are identical up to the K 6 term. Based on this, Levine et al. [19] demonstrated that Eq. (24) can be modified simply to describe finitesize effects for all particle sizes, making the coefficient of the K_ term a function of the number of crystallites per particle and dropping higher-order terms:
Fitting the predictions of Eq. (25) to the results of the lattice simulation gave
The quality of the fits from Eq. (25) are shown in as N increases, although it does so slowly (only approaching within 1% of the correct value at halftransformation when N= 42,000 [19] ) and (2) Eq.
(25) is valid even for a single nucleus growing in a particle, where overlapping volume need not be considered. Eq. (25) account for overlap between the two processes as
Here x, is the fraction transformed from volume nucleation and growth. This approach is similar to previous treatments [8, 9] .
Input parameters
Several parameters were required to model the experimental data for the crystallization of lithium disilicate glass. The free energy was calculated as a function of temperature, T [20] :
A temperature dependent interfacial energy was obtained by fitting the measured steady-state nucleation rates [21] o
The viscosity of the glass was assumed to lbllow a Fulcher-Vogel form:
where rl, ,, {, and T,, are estimated from experimental data [22] . The value for "q,, was refined by fitting the measured transient times for homogeneous nucleation [21] , keeping the temperature dependence fixed at the value obtained from the viscosity data. The 
Spherical particles
Given an ensemble of small particles, if the nucleation rate is low it is likely that some particles will never develop internal nuclei. The statistical nature of this nucleation step was treated following the procedure discussed in Section 2. This also explains why the peak temperature rises slightly above the infinite particle value for intermediate particle sizes. The excellent agreement between the experimental data for small particles and the calculation based only on surface crystallization, and the near indistinguishability of the surface and surface + volume calculations for these small particles reflects the decreased importance of internal growth due to the large surface-to-volume ratio. Only at the largest particle sizes do the surface and surface + volume calculations begin to differ; both however follow the general trend of the data. These calculations show a broad minimum in the DSC/DTA peak height near particle diameters of 400-600 p_m, which becomes more prominent when the calculations are carried out to larger particle sizes ( Fig. 4(a) ). Three regions can be defined as a function of particle size; they reflect behavior arising from a decreasing surface-to-volume ratio with increasing particle size. Region 1, occurring before the minimum in peak height, is dominated by surface crystallization. Both surface and internal crystallization are important in region 2 immediately following the minimum and extending to the point where the curve has nearly reached its asymptotic (infinite  volume) value. Volume nucleation and growth is dominant for the large particle sizes of region 3. A similar, although less dramatic, crossover behavior is also predicted for the peak temperature (Fig. 4(b) ).
The continuing increase in peak temperature with particle size for the surface calculation simply re- of surface crystallization. Although the predicted minimum in the peak height is not observed experimentally, the data were not taken for sufficiently large particle sizes that the effect becomes pronounced.
EIlo_soidal particles
For simplicity, spherical particles were considered for most calculations.
Optical and electron microscopy studies, however, show that the particles have a range of shapes as well. To investigate possible effects due to this, changes in the DSC/DTA peak profiles were computed for ellipsoids. While the functional dependence of the peak temperature on particle size is virtually unchanged, the maximum in the peak width (not shown) and the minimum in the peak height ( Fig. 5(b) ) are shifted to larger cluster sizes and are more shallow for the more eccentric particles.
Heterogeneous nucleation
Support for the validity of these computer predictions is found in the changes reported in our compan- The predicted doping dependence of the peak temperatures for ellipsoidal particles has the same form with increased particle size as that shown in Fig. 6 (a), although the magnitudes are different. As expected, the effect on the peak height is more dramatic (Fig. 6(c) ). Significantly better agreement is 720 .... 
Effects of water
Water is known to have a profound effect on the stability of silicate glasses [26] , presumably due to an increase in the atomic mobility. This was evidenced by a difference in the experimentally observed DSC/DTA peak profile parameters for 'dry' glasses versus 'wet" glasses [ 1] . A lower transition temperature and a higher peak height were reported in glasses that were kept in a humid environment for extended times. Since the diffusion of water into the sample occurs from the surface, the enhanced surface crystallization is expected to have the greatest impact on the transformation kinetics. The surface growth will only accelerate, however, to a depth corresponding to the diffusion distance of the water. To qualitatively model these data, a standard diffusion profile for one-dimensional diffusion of water into the particle was calculated for the time that the sample was placed in the most atmosphere (80 h at room temperature).
No account was taken of water re-distribution during the subsequent DSC/DTA scan. Lacking data for the diffusion coefficient of water in lithium disilicate glass, measured values for water diffusion in fused silica [26] were used to estimate a room temperature diffusion coefficient, giving D~2.8 × 10 10 cmZ/s. The nucleation rate in hydrated glasses is known to be higher by almost an order of magnitude over that in non-hydrated ones [27] . Assuming that this is entirely due to a change in the mobility, a multiplicative constant for the growth velocity was taken to scale linearly with the water concentration, taking on values between one for the dry glass and ten for the fully hydrated glass (at the surface of the panicle). 11 shows the computed DSC/DTA peak heights for glasses that were either scanned at different rates through the nucleation zone (400°C-500°C).
or were annealed isothermally (fl)llowing the metl> ods in Refs. [6, 7] ) at the nucleation peak temperature for a length of time equal to the total time required to scan through the range of signifio'mt nucleation (425°C-500°C).
As observed experimentally, the calculated peak heights for the two annealing treatments are identical, whether time-dependent ( Fig.   I I(a) ) or steady-stale nucleation ( Fig.  l l(b) Cluster size Fig. 13 . 13A portion of the cluster density lk_r dillcrent temperalures for rl_ = O,5°C/min and q_ = 15_C/min. The cluster size at v,,hich the nucleation rate is measured ( Fig. 12(a) ). n = 3t0, is indicated. Fig. 12(b the melt at l°C/s and had no preannealing treatments prior to the DSC/DTA experiment. The peak shape for the infinite sample ( Fig. 14(a) ) is qualitatively different from that obtained when finite particle-size effects and surface crystallization are included. The transformations for finite-sized spherical ( Fig. 14(b) ) and ellipsoidal ( Fig. 14(c) Letters should be no longer than six double-spaced typed pages.
Analysis of peak profiles
They will be given priority in both the refereeing and production processes. The faster production schedule will preclude sending proofs of letters to authors. 
